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Abstract

It is often stated in the set-theoretical literature that some construc-
tions (for example, Gédel’s constructible universe L, or forcing extensions)
can be carried out using a finite number of axioms. Most of these construc-
tions are based or make heavy use of the transfinite recursion theorem.
In this article we provide a completely explicit analysis of the recursion
theorem. If ¢ is the formula on which we do the recursion, we calculate
the exact set of axioms needed to prove the recursion theorem for ¢, as a
recursive function of (the code of) ¢. In the way to this result, we develop
a framework for the fine-structure analysis of Ay formulas, and exercise
it to find explicit Ay expressions for usual concepts, like being a pair or
being a function, that are necessary to develop the basic set-theoretical
concepts needed to express the transfinite recursion theorem.
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Part 1
The basics

1 Introduction

1.1 Statement of our task

This article is about formulas. We want to find a solution to the
following problem:

Problem 1.1. Which is the exact set of axioms of Kripke-Platek Set
Theory (KP) needed to prove the transfinite €-recursion theorem for a
giwen formula p? The solution should ideally be expressed as a primitive
recursive formula (i.e., a computer program) that takes ¢ as an argument
and returns as its output the list of axioms of KP in the pure language of
set theory with equality.

Four aspects of this problem make it non-trivial.

1.2 The problem of defined notions

One is the requirement that the axioms are expressed as formulas of
the pure language of set theory with equality: there is a (quite large)
number of very good books that prove the €-recursion theorem, but all of
them make use of defined notions; this is standard mathematical practice.
As they make use of defined notions, they either extend the language, so
that we are no longer working in £ = {€,=}, or they state that defined
notions are mere abbreviations, and can, in principle, be undone so that
the formula becomes a formula of £. When they write in principle, one
has to pay attention: they mean that nobody does it in practice (because
it is uninteresting, it would be said; but mainly, as we will see, because
it is practically impossiblel). But then we have the problem that nobody
really knows which are the real, effective formulas we are dealing with,
because they are full of defined notions, which are in turn defined over
other defined notions, etc.

1.3 The contingency of definitions and proofs

The second problem is that in normal mathematics we don’t care which
one of several definitions is used, as long as they are all proved equivalent,
and we don’t care which proof of a theorem we use, as long as the proof
is correct. But in our case, since we are interested in effective formulas,
one definition or the other, one proof or the other, would lead to vastly
different formulas. Clearly, we would need a way to decide, once given
two definitions or two proofs, which one is better, that is, from our point
of view, which one leads to simpler formulas. But this immediately leads
us to our third problem.

1.4 The absence of a normal-form theorem for A,
formulas

Remember that we are working in KP. In KP there are two kinds of
axioms: simple axioms, such as Extensionality, Empty Set, Pairing and

LIf this seems abusive, take a look at Appendix B, especially the last formula.



Union, and axiom schemas, namely Separation, Collection and Founda-
tion. Simple axioms do not count, in the sense that most proofs use all
of them, and anyway, except maybe for some variable renaming, there is
only one instance of each. But the axiom schemas are parameterized in
the metalanguage by a formula ¢, and this formula cannot be any formula.
In particular, ¢ should be Ag for Separation and Collection; and, while
stronger logical forms are allowed for Foundation, it is desirable that the
complexity of ¢ is somehow kept as low as possible.

And here our third problem arises: while we try to keep a formula “as
simple as possible”, we are faced with the following question: between two
Ao formulas, which one is simpler? Unfortunately, there is no definite
answer to that question, because there is no normal-form theorem for
Ao formulas. The reason for that is very simple: while we can always
transform a formula of the form Yz A1) into a formula of the form V(oA
1) (renaming some variables if necessary), a formula of the form (Vz €
y)e A can not in general be transformed into (Vz € y)(¢ A ¢) (think
about the case where y is empty; the 3 case is symmetrical).

This means that we cannot move all quantifiers in an orderly fashion
to the beginning of the formula, and therefore that, at least in some cases,
there will be no clear, unambiguous way, to decide which of two formulas
is the simplest one.

1.5 The unmanageability of pure systems

The fourth problem is easily explained: assume that we have labori-
ously built a set of primitive recursive formulas that constitute a solution
to our problem. These formulas will depend on the exact definitions we
have chosen for the usual notions of matematics, and on the concrete,
detailed proofs we have chosen for the theorems we need. If we later dis-
cover a simpler proof for some of those theorems, or a simpler definition
for our defined notions, we should rebuild all our formulas according to
these modifications, and this is simply unmanageable.?

1.6 Ways to a solution

In order to be able to manage these four problems, we will have to
take a number of decisions which will make the notation used throughout
this article a little unusual:

1.6.1 Metafunctions vs. defined notions

Instead of using defined notions, we will define a number of metafunc-
tions. These metafunctions will be similar to the defined notions, but
they will be also concrete, effective, non-substitutable for equivalent no-
tions. For example, if f is a function then “z belongs to the domain of
/7, x € dom f, means that there is a pair p € f such that p = (x,y).
But if x is the first component of p, following the Kuratowski definition of
ordered pairs, this means that x belongs to all elements e of p. Therefore,
x € dom f can be expressed as

(Fp € f)(Ve e p)(z € ). (1)

2If you are not convinced by this last assertion, you did not take a look at Appendix B.
Do it now, and you will come back as a believer.




Hence, we will define a metafunction InDomain[z, f] to be the formula (1)
(the variable e is irrelevant, and will be supplied automatically by the
metafunction; if we need to specify it for whatever reason, we will write
InDomain[z, f;e]: the semicolon will serve to separate “essential” variables
from “auxiliary” ones).

1.6.2 Metafunctions vs. formula transformations

We will need to effectively show that several of the formulas we are
dealing with are X1, or can be transformed into ¥; formulas. To this
effect, we will define another set of metafunctions.

Several of them will transform formulas into logically equivalent ones,
using only pure logic as their justification. For example, since a formula
of the form

(3z1 € y1)...(3zn, € yn)Izp (2)

can be transformed (if certain conditions about the variables are met) into
an equivalent formula of the form

Fz(3x1 € y1)...(Fzn € yn)p (3)

by applying only rules of pure logic, we will define a metafunction MoveUp
that will transform formulas like (2) into their 3 equivalents (3).

Other metafunctions will transform formulas, but this time applying
axioms of KP, i.e., not by pure logic alone. A clear example is the follow-
ing: since we can transform formulas of the form

(Vz € y)3zep (4)
into formulas of the form
Fw (Ve € y)(3z € w)p (5)

by applying Collection, we will define a metafunction Collect that will take
as argument a formula like (4) and a new variable w, and return a formula
like (5) as its result.

1.6.3 Computer programs do it better

To handle the problem of unmanageability of formulas, and to be able
to redo all our calculations in case some defined notion or proof may
change, we will use a computer program that effectively implements all our
metafunctions and effectively builds our formulas. This way, if something
gets altered later, a few changes in the computer program will allow us
to automatically rebuild all formulas. Program listings for a preliminary
implementation of such a program are included as an Annex to this article.

1.7 Structure of this article

The structure of this article is as follows: part I, “The Basics”, is
divided into eight sections. The first section is this Introduction. Sec-
tion two, Notations, basic facts and definitions, fixes the notation used
throughout the article, and introduces a number of syntactical transfor-
mations, defined as metafunctions, which will be later used in several of
the proofs. Section three, Denoting complexities, introduces a notation
for a specific measure of complexity for Ao formulas. Section four, Set
Theory: The first axioms, introduce the Empty Set, Extensionality and



Foundation axioms; some metafunctions are defined for Foundation. Sec-
tion five, Enumerations and quantifiers, introduce the Pairing and Union
axioms, define syntactically finite sets, and prove a theorem that collapses
several existential quantifiers into one. Section six, Separation and Collec-
tion, introduces the Separation and Collection axioms and several related
metaoperations, and proves a strong form of Collection that will be needed
in the proof of the recursion theorem. Section seven, Tuples, defines tu-
ples and several related metaoperations. Those will be needed in section
eight, Classes, relations and functions, when the higher-level mathemati-
cal notions used in this article, besides recursion itself, are presented.

Part II, “Transfinite induction and recursion”, consists of a single sec-
tion, in which the Transfinite €-Recursion Theorem is proved in full detail,
keeping track of all the axioms used and all the formulas involved.

Three appendixes are included: in Appendix A, “An example: the
transitive closure” we evaluate the complexity of the axioms needed to
prove the existence of the transitive closure of a set. In Appendix B,
“A curiosity: The II;-Foundation axiom for the transitive closure case”,
we calculate in an effective way the instance of II;-Foundation needed
to prove the existence of the transitive closure of a set. In Appendix C,
“Metafunctions reference”, we give a complete alphabetical list of all the
metafunctions used throughout this article.

1.8 Further work

The results presented in this text can be improved and extended in
several ways. Here is a non-comprehensive list, in no particular order.

1) Optimizing formulas used in this text. Some of the formulas have
alternative equivalents of less complexity. For example, Tuples, can be
improved in the following way when n > 2: since we already know that all
elements are tuples when producing the first tuple, we could avoid some of
the tests imposed on subsequent tuples. This would shorten the definition
of Fun(f), for example.

2) Finding new ways to further optimize formulas. An example: al-
though (3z € y)¢ A ¢ is not equivalent in general to (3z € y)(p A ¥),
if we know that y # 0 (for example, because there is some 32 € y at
a higher level in the syntax tree) then the equivalence is possible (with
some variable renaming if necessary).

3) Ezxploring new measures of complezity. The notation we have devel-
oped for Ap complexities is a good start: it allows us to get an impression
of the nature of the involved formulas. However, many other complexity
measures suggest themselves: the number of bounded quantifiers used,
the height or the width of the syntax tree, or even the length of the for-
mula (i.e., the number of symbols used). All these measures could be used
to try to tackle the question of when a Ao formula is simpler than another
formula.

4) Applying the machinery to new problems. The first, almost manda-
tory, application of this machinery must be to develop the theory of the
ordinal numbers and ordinal recursion. Further applications could be
fine-structure analysis of the constructible universe L, or of Forcing.
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2 Notation, basic facts and definitions

2.1 Syntax

Metadefinition 2.1. £ = {€,=} is the language of Set Theory with
equality.

Metadefinition 2.2 (Variables and stems). Var(L) is the countable set
of variables of L. In some cases, we will be interested in endowing
variables with a well-order: as a consequence, we will be able to speak of
“the minimum variable such that...” and similar constructions. We may
also consider variables as having some kind of substructure: for example,
we may consider variables as being formed from a finite number of stems
(say the set A = {a,b,c,...,z}) enhanced by subscripts and superscripts
taken from infinite sets (for ezample, N, or NU A). In this case, we will
say that the variables are derived from the stem.

Example. The following are variables: z, y, X, «, T, 21, yB7 5. If z is
a stem, then 1, 2*, 2, etc., are variables derived from this stem.

Form(L) is the set of formulas of £, recursively defined below.

Notation (Objects and metaobjects). Roman italics will be used for vari-
ables like v which range over sets; if a variable v ranges over Var(L),
Form(L), etc., we will use a sans-serif font. We will also use a sans-serif
font for meta-functions.

Notation (Metafunctions). If F is a metafunction that operates on for-
mulas, variables, etc., and returns a formula, we will write its arguments
between brackets, thus: F[h,vi,v2]. In many cases the resulting formula
will need to use auziliary (bound) variables; these can be omitted, as they
will be automatically generated by the metaformula. If for whatever reason
we want precise control over these auxiliary variables, we can indicate it
by specifiying them after a semicolon: for example, F[h,vi,vo;e1, ez].

Notation (Metadefinitions by cases). In many cases we will give par-
tial definitions of metaformulas by showing partially the forms of their
arguments. For example we might partially define a metafunction F by
writing
Flvvh] & 3f-h,

where h ranges over Form(L) and v ranges over Var(L). Such a definition
is to be read as partial definition of F, which says nothing about the value
of F for other kind of arguments, for example it says nothing about F[3vh].
Many partial definitions constitute a (maybe still partial) definition by
cases. Finally, a metafunction F is to be considered undefined when no
partial definition is applicable.

Notation (Vector notation). We will use vector notation to allow easier
reading: if x1,...,%n € Var(L), we can write X instead of x1,...,xn if n is
clear from the context.

We now begin the recursive definition of Form(£). Formulas will be
defined in 2.11 as finite-length preformulas (2.10); a preformula es either
an atom (2.3) or a factor (2.7) or a conjunction (2.8) or a disjunction (2.9);
disjunctions are composed of one or more conjunctions, conjunctions of
one or more factors, factors are either atomic, parenthesized formulas,
negated formulas, or (unboundedly) quantified formulas, and atomic for-
mulas are (in)equalities or formulas of the form vi € vo or vi € va. Those



definitions do not incur in a vicious circle because we are imposing that
formulas should be of finite length: without this limitation, we could have
formulas of the form
Vai1VraVes...o
with an infinite number of z;.
Implication, double implication and bounded quantifiers are presented
as defined notions.

Metadefinition 2.3 (Atomic formulas).

Atom(L) & {vi = vo,v1 € v2 : vi,v2 € Var(L)}.
Metadefinition 2.4 (Negated atoms). Let vi,vs> € Var(L). Then

def

V1 # V2 =(vi = wv2), and

V1¢V2

& |

:Ef ﬁ(V1 c V2).

Metadefinition 2.5 (Implication and double implication). Let fi,f, €
Form(L). Then,
def
fi—fHh = —\(f1) \Y f2, and
f1 < f2 d:F:f (—|(f1) V fg) AN (—|(f2) V fl)

Metadefinition 2.6 (First-order bounded quantifiers). Let f € Form(L)
and vi,v2 € Var(L). Then,

(W1 € vo)f rlzervl(vl € vy — f),

and .
(3vi € vo)f ) Avi(vi € va AF).

Metadefinition 2.7 (Factors).

Factor(£) =
U {(f),~(f) : f € Form(L)}

U {W(f):veVar(L),f € Form(L)}
U {3v(f) :veVar(L),f € Form(L)}.

It is immediate that Atom(L) C Factor(L).
Metadefinition 2.8 (Conjunctions).

Conj(L) & {fy A ... Afy:n > 0,f, € Factor(£) for all n}.

The case n = 1 shows that Factor(£) C Conj(L).
Metadefinition 2.9 (Disjunctions).

Disj(£) & {c1V..Vch:n>0,c, € Conj(L) for all n}.

The case n = 1 shows that Conj(£) C Disj(L).
Metadefinition 2.10 (Preformulas).

PreForm(L) & Atom(L) U Factor(£) U Conj(£) U Disj(L).
Notice that, since Atom(L) C Factor(£) C Conj(£) C Disj(£), we could

have defined simply PreForm (L) def Disj(L).

10



Metadefinition 2.11 (Formulas).

Form(L) i {f € PreForm(L) : f uses only a finite number of symbols}.

Metadefinition 2.12 (Variables of a formula). We define the variables
of a formula recursively over Form(L) as follows:

Vars|vi = va] def {v1,Vv2}, Vars[vi € vy def {v1,Vv2},
Vars|[(f)] X Vars|f], Vars|=(f)] % Vars|f],
Vars[Vv(f)] o Vars[flU {v}, Vars[3v(f)] g Vars[f] U {v},

Vars[fi A ... Afq] d:erars[fl] U ... U Vars|[fy],
Vars[cy V ... V ¢ d:erars[cl] U... U Vars[ca].

[Where v, vi and vo are variables, f is any formula, the fi’s are factors,
and the ¢’s are conjunctions.]

Metadefinition 2.13 (Free variables). We define the free variables of
a formula recursively over Form(L) as follows:

Free[vi = vo] i {v1,v2}, Free[v; € vo] i {vi,v2},
Free[(f)] o Freel[f], Free[—(f)] = Free[f],
Freefw(f)] 2 Freelf]\ {v}, Free[av(f)] % Free[f]\ {v},

Free[fi A ... A fi] i Free[f1] U ... U Free[fy],
Free[c1 V ... V cn] o Free[ci] U ... U Free[ca].

[Where v, vi and va2 are variables, f is any formula, the fi’s are factors,
and the ¢i’s are conjunctions.]

It is immediate from the above definitions that for all formulas f,
Free(f) C Vars(f).

Metadefinition 2.14 (New (free) variables). Let f;, i = 1,...,n be for-
mulas, and let S C Var(L) be a set of variables. A new variable (with
respect to the f;’s and S is

min(Var(£) \ (SU U Vars(f;)),

1<i<n
and a new free variable is

min(Var(£) \ (SU ] Free(f:)).

1<i<n

Metadefinition 2.15 (Equivalent formulas). Two formulas f and g may
be logically equivalent, and in this case we will write

f=g,

and say that f and g are logically equivalent formulas, or equivalent by
pure logic.

Similarly, f and g may be made equivalent by assuming some finite set
of azioms A = {a; : 1 <i < n} C KP. In this case, we will also write

f=g,
and say that f and g are equivalent by virtue of A, or modulo A, or, more

stmply, by A.

11



Bounded quantifiers, (double) implication and negated relations are
defined meta-notions. The introduction of n-way conjunctions and dis-
junctions in the syntax, for n > 2, is consistent with normal mathemat-
ical practice, and a trivial consequence of the associativity of A and V.
Notice that in our syntax, again corresponding to normal practice, A has
precedence over V.

Having defined our syntax, we will now allow for the possibility of
slightly relaxing our notation, and use ¢, 1, 6, etc. to denote formulas. If
there is no ambiguity, we will also allow the use of z,y € Var(L) instead
of the more proper but less readable vi,v> € Var(L).

If ¢ € Form(L), we write ¢(x1,...,xn) € Form(L) to indicate that
{z1,...,zn} O Free[y].

2.2 Elementary transformations

Metadefinition 2.16 (Negation of a formula). The negation of a for-
mula f is defined recursively as follows:

Negate[vi = vo] v # Vo, Negate[vi € vo] Yy, ¢ va,
Negate[(f)] & (Negatelf]),  Negate[(f)] aof f,
Negate[Vv(f)] 3y Negate(f), Negate[3v(f)] Yy Negate(f),

Negate[f1 A ... A fy] i Negate[f1] V ... V Negatelf,],
Negate[c; V ... V cn] i Negate[ci] A ... A Negate[c,].
Lemma 2.17 (“Negate” lemma). For all f € Form(L),
=(f) = Negate(f)
by pure logic alone.

Metadefinition 2.18 (Expansion of the reach of a quantifier). Let ® be
one of {A,V}, let f; be formulas, 1 <i <, let j € N such that 1 < j <mn,
and assume that f; = 3vf;. If f; is of the form

and v ¢ Free(f;) for all i # j, then ExpandExists[fi ©® ... O f; ©... © fp,]j] is
defined as

N O..0f10810...08m Ofj41 0 ... Ofn);
if f; is mot of the form (6) and v ¢ Free(f;) for all i # j, then

ExpandExists[fi © ... 0 f; ® ... © fn,j] 2 I(f1 © ... ® fi ©.. ©fn);

in all other cases, ExpandExists is undefined.
Similarly, if f; = Wf}, then if f; is of the form (6) and v ¢ Free(f;) for
all i # j, then

ExpandForall[f; @ ... 0 f; @ ... ® f,,j] &

Vv(f1 ©.0f10810..08m Ofj41 O .. @fn);
if f; is mot of the form (6) and v ¢ Free(f;) for all i # j, then

ExpandForall[fi © ... @ f; ® ... © fu,J] £ WE © ... OF; © ... O fa);

in all other cases, ExpandForall is undefined.

12



The reason to distiguish two cases in the definitions above is to elimi-
nate redundant parentheses in the results of the metaoperations.

Lemma 2.19 (“ExpandForall” or “ExpandExists” lemma). Letf € Form(L)
and i € N. In all cases where ExpandExists[f,i] is defined,

f = ExpandExists[f, i]

by pure logic alone. Similarly, in all cases where ExpandForall[f,i] is de-
fined,
f = ExpandForall[f, ]

by pure logic alone.

Metadefinition 2.20 (Moving an existential quantifier to the beginning
of a formula). Let f be of the form

(Ja1 € b1)...(3an € by)Icg.
If c # ai,b; for all1 < i <n, then
MoveUp[f, n + 1] i) Jc(Fa; € by)...(Fan € by)3g;

in all other cases, MoveUp is undefined.

Lemma 2.21 ("MoveUp” lemma). Let f € Form(£) and n € IN. In all
cases where MoveUp|[f, n] is defined,

f = MoveUplf, n]

by pure logic alone.

Lemma 2.22 (Negation and bounded quantifiers). For all a,b € Var(L)
and all f € Form(L),

(a) —[(Va € b)f] = (Fa € b)(—f), and
(b) —[(Ja € b)f] = (Va € b)(—f)

by pure logic.

Lemma 2.23 (Introduction of spurious quantifiers). If f € Form(L) and
v € Var(L) \ Freelf], then

(a) f = Wi, and
(b) f=3vf

by pure logic.
Lemma 2.24. Let a,a1, a2 € Var(L), and let f € Form(L). Then,
JaiJaz(a1 € aAaz € aAf) = (Ja1 € a)(Faz € a)f.
Proof. Apply definition 2.6 and the MoveUp lemma. O
Metadefinition 2.25. (a)
Particularize[3af(a, b); Vag(a, b)] = Ja(f(a,b) A g(a, b)).

(b) Let n be an integer > 2, let 3 be a sequence of n variables of L, let
Z € Var(L), and let f(3,b), g(a,b) € Form(L). Then,

Particularize,[Ja; ... 3a,f(3, b); Va1 ...Vang(3, b)] 1o

Ja1...3a,(f(3,b) A g(3,b)).

13



Lemma 2.26 (The “Particularize” lemma). Let a,b € Var(£), and let
f(a,b), g(a, b) € Form(L). Then

Jaf(a, b) A Vag(a, b) — Particularize[3af(a, b); Vag(a, b)].
The case with n variables is an immediate consequence.

A set a is transitive iff every element of a is a subset of a, that is, if
(Vb € a)(Vc € b)(c € a).

Metadefinition 2.27 (Transitive set).

Tran[a; b, ¢| &f (Vb € a)(Vc € b)(c € a).
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3 Denoting complexities

Metadefinition 3.1. A formula is Ao (or Xo, or Il ), if all its quantifiers
are bounded. If p(x1,...xk, Z) is a I, formula, we say that

Fzq... Jzpp(z1, ... Tk, 2)

is @ Xpy1 formula. Similarly, if o(z1,...xk,2) is a Xn formula, we say
that
Vri..Vere(z, ...k, 2)

is a 41 formula.

Metadefinition 3.2. Let ¢ € Ag. Then |p| is the complexity of o,
defined recursively as follows:

a) If ¢ is atomic, then || = -.

b) If v is =, then |p| = —|y|; = simplifies to -.

¢) If ¢ is Y1 A oo Abn, then || = |1 A oo Altnl; if @ 48 Y1V .. V iy,
then || = 1| V ... V [¢n]; - A - simplifies to -, as does -V -.

d) |(3v € s)p| = A(|¢]), and |(Yv € s)¢ = V(|¢|); parentheses are
omitted where not strictly necessary; strings of identical quantifiers are
represented with subindex notation, i.e., 33 = 334, and V2 = WV, etc.;
Vo (+) simplifies to ¥y, and 3,(-) simplifies to 3.

Let C' be the complexity of . Sometimes we will write ¢ € C to
express that ¢ is of complexity C, enclosing ¢ between quotes to improve
readability if necessary.

Examples

Dijz=yl=-lzeyl =-

Q) zeyvVyez|=lzcy|Viyex|=-V-=-.
3) |(Vy € 2)(Vz € y)(z € 3)| = V() = Va.

4) “(Vy € x)(Vz € y)(z € x)” € Va.

Metadefinition 3.3. If a formula ¢ is ¥, (IIn), n > 0, and its Ao part
has complezity c, we will say that ¢ is Tn(c) (II.(c)).

Example. Let ¢ be
Jz13zoVes(z1 € aV Vy € 22)(Vz € 23)(y € 2V 2 € 9)).
Clearly, ¢ is a X2 formula; the A¢ part is
z1€aV Vy€x)(Vz€x3)(y€2zVzey),

which is - V V. Therefore, ¢ is a Xa(- V V2) formula, or ¢ € ¥a(- V V2).
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4 Set Theory: the first axioms

We choose as our axioms a variation of Kripke-Platek set theory with-
out infinity.

Whenever we have to state an axiom schema, we avoid making compro-
mises, and parameterize the axiom schema in a class of formulas. We thus
speak of I’-Foundation, where I' C Fm(L£); examples are “II;-Foundation”
and “(VA(-V3))-Separation”. This will permit us to postpone the election
of the classes of formulas over which our axioms will be defined, while at
the same time allowing us to build out the theory step by step, by picking
only the axioms that are “absolutely necessary” for our actual proofs (for
different proofs we would probably have a different set of axioms).

Notice that, in the context of the fine-structure analysis of a proof, the
class I above will be finite, i.e., we will only need a finite number 1, ..., pn
of Separation (Foundation, etc.) axioms, that is I = {¢1, ..., on }.

4.1 “Elegant” axioms vs. “expressive” axioms

It is usual to express axioms of set theory in weak forms that are
thought to be more elegant than stronger corresponding forms, and then
present those stronger forms as theorems. For example, the axiom of Pair
would be presented as

Ve Vy 3z (x € z Ay € 2); (7)

this is in fact the option taken in Kunen [2], p. 12. Such an axiom
guarantees that, given two sets x and y, there exists a set z that has x
and y amongst its elements; it does not give us automatically a set that
has as its only elements « and y. That is, the set z guaranteed to exist
by the axiom might be “too big”. The usual way of reasoning is to prove
a short lemma using Ag-separation to separate a subset of z such that
(Vw € 2z)(w = 2 Vw = y) and extensionality to prove that such set is
unique. From then on, everybody proceeds as if the real axiom were

Vo Vy 3z Vwlw € z > (w =z Vw=y)]; )

after all, the lemma is easily demonstrated.

But if the axiom is really (7), then every use of an unordered pair in
a proof is assuming the use of three axioms: Pair, a form of Separation,
and Extensionality; and, clearly, this is not what we desired: we wanted
to have a Pair axiom that allowed us to use pairs. The use of a form of
Separation is specially inconvenient, because it expands unnecessarily the
list of used axioms.

What is going on is very simple: by postulating the aparently simpler
forms of our axioms and relegating the intuitive forms of the axioms to
apparently trivial lemmas, we are contaminating forever all later proofs
(that is, almost all set-theoretical proofs) with axioms that should not
be there. The cleaner forms of the axioms are in fact dirtier, and what
was supposed to make things simpler in fact makes things much more
complicated. To express it in another way: nothing makes an axiom like
(7) more elegant than (8), except accepted practice, and the fact that
much respected set theorists, like Kunen [2], seem to prefer (7) to (8).?

3In fact, Kunen states that he has chosen the axioms so that they will be easy to check
later, for example when building L, or forcing extensions.
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In this context, it is illuminating to realize that Devlin [1], who is con-
cerned, as we are, with questions of complexity, uses always the reputedly
“non-elegant” forms of the axioms.

4.2 The Empty Set Axiom

vy (y & ). (Ept)
The unique empty set, guaranteed to exist by axiom (Ept), will be
denoted, as usual, by “0”.

4.3 The Extensionality Axiom
Ya Vb [V (zr€a<+>z€b)— (a=0b)]. (Ext)

4.4 The Foundation Axiom

Metadefinition 4.1 (The founding metaoperation). Let o(z,Z) € Form(L),
and y € Var(L) \ Free[p(z, Z)]. Then

— def — —
Found[3zy(z, 2),y] = Jzlp(z,2) A Vy € z)(—p(y, 2))].
In all other cases, Found is undefined.
Metadefinition 4.2 (Foundation formulas). Let o(x, Z) € Form(L), and
let y € Var(L) \ Free[p(z, Z)]. Then
AxFnd[3z¢(z, 2), y]
is the formula

VZ (3z ¢(z, Z) — Found[Fzp(z, 2),y]). (Fnd)

In all other cases, AxFnd is undefined.

Axiom Schema 4.3 (Foundation). Let I' C Form(L). I'-Foundation
is the aziom schema AxFnd[3z¢(z,Z),y], where ¢(x,Z) € T and y €
Var(£) \ Free[p(z, 2)].

When T = Form(L) we will speak of “Full Foundation” or, more simply,
“Foundation”.

Remark 4.4 (€-Induction Theorem). The contrapositive of
AxFnd[3z—p(z), y]

Vz[(Vy € 2)p(y)) = ¢(z)] = Vo ¢(z),

called €-induction on .
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5 Enumerations and quantifiers

5.1 The Pairing Axiom

Ve Vy dzVw [w ez (w=zVw=y). (Pai)

Definition 5.1. Let x,y be sets. The unique set z which contains as its
only elements r and y, guaranteed to exist by the Pairing Axiom, is called
the (unordered) pair with elements © and y, and is denoted {z,y}. In
the special case where x =y, {x,y} has only one element, namely x =y,
and then {z,y} = {x} = {y} is called the singleton of x and is denoted

by {z}.

5.2 The Union Axiom

VadlyVz[z € y <> (Fu € z)(z € u)] (Uni)

Definition 5.2. Given a set x, the set of all elements of all elements of
x, called the union of x, and guaranteed to exist by the Union axiom, is
denoted by |J .

5.3 Finite sets

Given three elements z, y and z, we can form {z, y} and {z} by Pairing,
{{z,y},{z}} again by Pairing, and J{{z,y},{z}} by Union. This set
is normally denoted by {z,y, 2}, since it is trivially seen that its only
elements are x, y, and z. A similar operation can be effected for sets of n
elements, n > 3, i.e. to form {z1,...,z,} for any n € IN.

It is interesting to notice that forming sets of more that two elements
requires the use of the Union axiom, while forming sets of two elements
does not. This is clearly an annoying assimetry, which could be overcome
by choosing a stronger axiom that allowed forming new sets from any
given (syntactically) finite collection of sets.

How can one express in the pure language of set theory that a set is
finite? A finite set f = {x1,z2, ..., zn} can be completely described by the
Ao (3nY) formula

(Fz1 € f)(Fz2 € f)...(3zn € f)(Ve € f)

(e=z1Ve=x2V..Ve=2an).

(9)

This is in itself uninteresting; but when we want to assert a property of
the elements of f, two cases present themselves: in the first case (e.g.,
when n is small and the réles of the z;’s are different), we may want to
use a property of the form p(f, Z, Z) as in

(3.1‘1 € f)(ax? € f)(axn € f)[@(fv f: Z)/\ (10)
(Vee€ flle=ziVe=x2V..Ve=uz,);

if, on the contrary, we need to express properties which are common to
all of the elements of f, we will write

(3z1 € f)(3ze € f)...(3xn € f)(Ve € f) (11)
[o(fre, B, 2)AN(e=z1Ve=22V...Ve=uzx,).

The main difference between (10) and (11) is the placement of ¢: in the
first case, if ¢ is X1 then (10) can be transformed into a ¥; formula by
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an application of MoveUp after ExpandExists; in the second case we will
need to use Collection first (after ExpandExists).

Metadefinition 5.3 (Enumerations). Let f,e, 2, & = x1,...,zn be pair-
wise different variables. Then,

(a) Enum[o(f, Z, 2), f, e, & is the formula (10), and
(b) Enum[p(f, e, Z, 2), f,e, @] is the formula (11).

Example 5.4. a) Enum(z =z, f,e,z,y] “says” that f is an (unordered)
pair with elements © and y, i.e., f = {z,y}.

b) Enum[z Ny = 0, f,e,x,y] “says” that f is an (unordered) pair of
disjoint elements.

¢) Enum[Tranle], f, e, x,y, z] “says” that f is a set with at most three
elements which are all transitive.

5.4 Collapsing quantifiers

For our purposes, a fundamental use of Enum will be to collapse ex-
istential quantifiers (for example, to help to reduce the complexity of a
formula). It is clear that if we have

Fz1Izop(x1, T2, 2)
then we can find a pair © = {x1,z2} such that
Iz Enum[p(z1, z2, 2), z, €, T1, T2),
and viceversa; the same is true when dealing with n variables. As we will

use this operation quite frequently, we introduce a definition for it:

Metadefinition 5.5 (The collapsing operation). Let n > 2 be an integer,
let & be a sequence of n variables of L, let p(Z,Z) € Form(L), and let
e,y € Var(L) be new variables. Then

— —

Collapse, [3z1...3zn (T, ), y; €] & Jy Enum[p(Z, 2), y, e, Z].

The subindex n can be dropped when it is clear from the context.

The next theorem proves that we can collapse existential quantifiers
at cost almost zero (i.e., by using only Pairing, and, if n > 2, Union).

Theorem Schema 5.6 (Collapsing existentials (Pai,Uni)). Let n > 2 be
an integer, let T be a sequence of n variables of L, let (%, Z) € Form(L),
where all the T and Z are pairwise different, and let y, e be new variables.
Then

Jz1...3xn0(Z, Z) = Collapse,[p(Z, 2), y, €]
by Pairing (and, if n > 2, Union).

Proof. We prove the theorem for the case n = 2. From the Pairing Axiom
we derive easily

Vi Ve Jy[(z1 € ) A (z2 € 2) A (Ve € y)(e = x1 Ve = x2)]. (12)

=) Assume that
Jz13z2p(21, 22, 2). (13)

Then, by Particularize[(13), (12)],

Jz13z2(p(x1, 22, 2) A y[(21 € 2) A (22 € 2) A (Ve € y)(e =1 Ve =x2)]].
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By ExpandExists,
Jz 3z Ty[p(z1, 22, 2) A (21 €EY) A (2 €y) A(Ve € y)(e =z1 Ve =ux)].
By commuting existentials and reordering the conjunction,
Jy3z1Fza[(z2 € y) A (21 € y) A (1,22, 2) A (Ve € y)(e =21 Ve = x2)].
By lemma 2.24,

Jy(Fz1 € y)(Fz2 € y)[p(z1, 22, 2) A (Ve € y)(e =21 Ve = x2)].

By lemma 2.23, ¢(z1,22,%) < Vep(z1,z2,%), and by pure logic, VeA A
VeB — Ve(A A B); therefore,

Jy(3z1 € y)(3zz € y)Ve[p(z1,22,2) A (e €y — (e =21 Ve = z2)].
Similarly, ¢(x1,x2, Z) implies e € y — (1, T2, Z), and therefore

[p(z1,22,2) Ne€y = (e=z1 Ve=umx) —
[(e€y— p(z1,22,2)) AN(e €y — (e =21 Ve=uz)].

And since

[(e€y— o(z1,22,2))AN(e€Ey— (e=z1Ve=1x2)] =
[e€y— (p(x1,22,2) A (e =21 Ve=x2)]

we have that
Fy(Fz1 € y)(Fw2 € y)(Ve € y)[p(z1, 22, 2) A (e =71 Ve = x2)].
<) The reverse direction is much easier: if
Jy(Fz1 € y) (T2 € y)(Ve € y)[p(z1,22,2) A (e = 21V e = x2)]
then clearly
Jy3z1Fz2(Ve € x)[p(x1,22,2) A (e = 21 V e = x2)],

and therefore
JyIz13z2 (Ve € z)p(z1, 22, 2).

And since e and y do not occur free in ¢,

Fz13z2p(x1, T2, 2).
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6 Separation and collection

6.1 The Separation Axiom

Metadefinition 6.1 (Separation formulas). Let ¢(y, Z) € Form(L), and
let a,z € Var(L) such that x ¢ Free[p(y, Z)]. Then

AXSeplp(y, 2),a,z,y) D VEVa Tz Vy (y €z oy € a A p(y,2). (Sep)

In all other cases AxSep is undefined.

Axiom Schema 6.2 (Separation). Let I’ C Form(L). I'-Separation is the
aziom-schema AxSeplo(y, 2), a, x, y] where a,z,y,Z € Var(L), ¢(y,2) € T,
and z ¢ Free[p(y, 2)].

What the Separation axiom expresses is that, given a set a and a
property ¢(z) of the elements of a, we can “separate” another set = that
has as its elements exactly those elements of a which have the property
. This is usually denoted

rz={y€a: oy}

6.2 The Collection Axiom

Metadefinition 6.3 (The Collection metaoperation). Let ¢(z,y,2) €
Form(L), and let a,w € Var(L) such that a # w and w ¢ Free[p(x,y, Z)].
Then

Collect[(Vz € a)TIyp(z,y, 2)] 1o Juw(Vz € a)(Ty € w)p(z,v, 2).

In all other cases, Collect is undefined.
Metadefinition 6.4 (Collection formulas). Let p(z,y, Z) € Form(L), and
a,w € Var(L) such that a # w and w ¢ Free[p(x,y, Z)]. Then
AxColl[(Vz € a)Typ(z, y, Z), w]
is the formula

(Vz € a)Jyp(z,y, Z) — Collect[(Vz € a)Typ(x,y, Z), w]. (Coll)

In all other cases, AxColl is undefined.

Axiom Schema 6.5 (Collection). Let I' C Form(L). I'-Collection is the
aziom schema AxColl[(Vz € a)Iyp(x,y, 2),w], for all p(z,y,Z) € T and
all a,w € Var(L) such that a # w and w ¢ Free[p(z,y, 2)].

When I' = Form(L) we will speak of “Full Collection” or, more simply,
“Collection”.

Theorem Schema 6.6 (Collection equivalence (I-Coll)). LetT" C Form(L).
For each ¢(z,y,Z) € T and all a,w € Var(L) such that a # w and

(Vz € a)Jyp(z,y, Z) = Collect[(Vz € a)Jyp(z,y, Z), w]
by AxColl[(Vz € a)Typ(z,y, Z), w].

Proof. One direction is I'-Collection, and the other is immediate. O
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6.3 Strengthening Collection

Theorem Schema 6.7 (Pai,Uni). Let ¢(x,y,2) € Form(L) be of the
form Jvpo(v,z,y, Z), and let uw € Var(L) \ Free[p(z,y, Z)]. For any new
variables r, w and w’,

(Vx € a)Fyp(z,y,2) = Ir (Vr € a)(Ty € r)ep(z,y, 2)

[
/]\ (Vy € )3z € a)p(,y, 7)

by
AxColl[(Vz € a)FuEnum[po (v, z,y, 2), u, e,y, v], w], (14)
and
AxSep[(3z € a)(Fv € w)po(v,z,y, 2),w', 7, y). (15)

Proof. One direction is immediate. To prove the other direction, assume
that

(Va € a)Typ(z, y, 2),
that is,
(Vo € a)3yFvpo(v, 2,9, 2),
If uw = {y, v}, then clearly
(Vz € a)Fu(Fy € u)(Fv € u)(po(v,z,y,2) A (Ve € u)(e =y Ve =),
ie.,
(Vz € a)IuEnum{po (v, z,y, 2), u, e, y, v].
By (14), there exists a set w such that
(Vz € a)(Fu € w)(Ty € u)(Fv € u)po (v, x, vy, 2). (16)
Let w’ = |Jw, which exists by Union, and consider
r={yew : 3z €a)Fv e w)po(v,2,y,2)}, (17)
which exists by (15). Since
(31} € w,)SOO(% T, Y, Z) - EI’USDO(’U7 T, Y, 5)7
ie.,
(31} € w/)wo(va T, Y, E) - (,0(13, Y, 2),
clearly from (17) we get
(Vy € 7)(3z € a)p(x,y, 2);
on the other hand, (16) implies
(Va € a)(Fy € w')(Fv € w)po(v, 2.y, 2),
hence
(Vz € a)(3y € w')p(z,y, 2),
and, by (17),
(Vo € a)(Ty € r)p(z,y, 2).
O

Remark 6.8. If in the proof of theorem 6.7 we drop the assumption of
the Separation axiom (15), while keeping the assumption of the Collection
aziom (14), we can still prove a strengthtened form of Collection:

(Vx € a)Fyp(z,y,2) = Ir(Vz € a)(Ty € r)e(x, y, 2).
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7 Tuples
7.1 Creating tuples

If we are given two sets « and y, saying that there exists a set p = {z, y}
is to say that a set p exists such that:
(xeprhyepA(Veep)le=aVe=y)).

If we want to express a property of z, y and p, we write

zepAyepho(@,yp)A(Veep)le=aVe=y),
which is X1 in case ¢ € X1 by ExpandExists; if we need to quantify over
all e € p, then we write
vepAyeph(Veep)((e=zVe=y)Ap(z,y,p¢)),

which is 31 when ¢ € ¥; with n unbounded existential quantifiers, but
we need (Strengthened) Collection to prove it for n > 0 (n > 1).

Metadefinition 7.1 (Pairing two sets). Let x,y,p, e,z be pairwise dif-
ferent variables. Then,

((l) If SD(x7y7pa 5) € Form(ﬁ), then
Pair[p(z,y,p, 2), 2, Y, p; €]

is the formula
rEpAyEPNp(x,y,p,Z)ANVee€p)(e=axVe=y).
(b) If p(x,y,p,e,Z) € Form(L), then
Pair[p(z,y,p, €, 2), z,y, p, €]
is the formula
zepAhyepANMeep)le=axVe=y)Ap(z,y,pe,2).
Notice that the only difference between cases (a) and (b) above radi-
cates in the fact that, in case (b), e € Free(yp).
Lemma 7.2 (AxColl). Let o(z,y,p,e,2) € 31 be
Jvpo(v, x,y,p, €, 2),
with o € Ao, and let v’ be a new variable. Then there exists a formula
Pairs, [p(z, ¥, p, e, 2), v, 2, y,p,e,] € Z1(- AVI(- A |wol))
such that
Pair[p(z, y,p, €, 2), T, ¥, p, €, ] = Pairs, [p(z,y,p, ¢, 2),v,,y,p, ¢, ]
by AxColl[(Ve € p)ExpandExists[(e = z V e = y) A Tvpo (v, z,y, p, €, Z)],V'].

Proof. Pick a new variable v', and consider

. — def
Pall’gl [‘P(wa Y,D, €, Z)v UI7 r,Y,p, ev] =

ExpandExists[z € p Ay € pA
Collect[v’, (Ve € p)
ExpandExists[(e = z V e = y) A Jupo(v, z,y, D, €, Z)]
]
]

Recall from the definition of ExpandExists that if g is a conjunction, then
outer parenthesis are automatically removed. O
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7.2 Ordered pairs
7.2.1 Definition

Definition 7.3 (Kuratowski). Given two sets a and b, the ordered pair
(a,b) is
(a,0) = {{a},{a,b}}.
If (a,b) = (c,d), then a = c and b = d.

7.2.2 Complexity of “being an ordered pair”

Let ¢ = (z,y), and assume that t = {p1,p2}, where p1 = {z} and
p2 = {z,y}. To express this fact in £ = {€,=} alone, we have to ensure
that there are two elements p; and p2 in ¢, that any element e of ¢ is either
p1 or p2, that = € p1 and z,y € p2, and that any element e; of p; is z,
and that any element e2 of ps is either x or y. If, additionally, we want to
express some fact ¢ involving ¢, x, y, and possibly other variables 2, we
are lead naturally to the following definition:

Metadefinition 7.4. Let ¢(t,z,y,Z) € Form(L), and let p and e be
stems. Then

(3p1 € t)(Tp2 € t)(Fz € p1)(3y € p2)
(p(t, @y, Z)A

(Ve € t)(Ver € p1)(Vez € p2)
((e=p1Ve=p2)A(e1 =2)

Nez =z Ve =y)A(z € p2))).

Tuple[p(t,z,y, 2),t,z,y; D, €] =

Theorem Schema 7.5 (Pai). If o(p,z,y,Z) € Ao, then
TUPle[@(tvﬂHy»Z):tyfv’y;IL 6] S A()(34(“0' /\VS))7

if p(t,z,y,2) € L1 is Jvpo(v,t,x,y, 2), with po(v,t,x,y,2) € Ao, then
there is a formula

Tupleg, [¢(t, 2, ¥, 2),t, 2, y; p, €] € B1(3a(|wo] AV3))

such that

Tuple[p(t, z,y, 2), ¢, x,y;p, e] = Tupleg [¢(t, 2,9, 2),t,2,y;p, €]
by Pairing.
Proof. The A case is immediate; for the 3 case, consider
—» def
TupleZl [So(t x,Y, Z)a t7 z,Y;p, 6] =
MoveUps|
(3p1 € 1)(3p2 € 1)(Fz € p1)(Jy € p2)
ExpandExists[Jvpo (v, ¢, z, y, Z)A (18)
(Ve € t)(Ver € p1)(Ves € p2)
(e =p1Ve=p)Aler = 2)
Nez =z Ver =y)A(z € p2))]

).

Recall from the definition of ExpandExists that if ¢o(v,t,z,y, Z) is a con-
junction, then its outer parenthesis are removed as a further optimiza-
tion. O
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8 Classes, relations and functions

8.1 Classes

Definition 8.1 (Classes). Let C(x,¥) be a formula of L with all free
variables shown. We will say that C' defines a class (with parameters
¥). Given a tuple of parameters @, we will speak of the class C(@) (or
C;z) in the following sense: x € Cg will be a shorthand for C(x, @), and
x ¢ Cg will be a shorthand for =C(z,a@). Similarly, given two classes Cz
and Dy, we write:

{z:C(z,d)} as equivalent to C(z,d);

Cz: C Dy as a shorthand for Vz(C(z,d@ — D(z,b));
Cz UD; as a shorthand for {z: C(x,a@)V D(x,b)};
CazND; as a shorthand for {z: C(z,a@) A D(z,b)};
Cz \ Dy as a shorthand for {x : C(x,&@) A —D(z,b)}.

8.2 Class functions

Definition 8.2 (Class functions). Let T be a L-theory, and let F(z,Z,y)
be a formula with all free variables shown. We will say that F' defines a
class function (in the theory T') iff

T+HVZ Vz3IyF(x, Z,y),
that 1is,
T+ VZ VaIy[F(z, Z,y) AVw(F(z, Z,w) =y = w)].

Functional notation: sometimes we will write y = F(z, 2) instead of
F(z,Z,y), and y = Fz(x) instead of F(x, Z,y).

8.3 Relations
Metadefinition 8.3 (Relations). Let o(r,a,b,Z) € Form(L), and let p

and e be stems. Then
Rello(r, z,y, Z),r, z,y; p, e] (Vt € r)Tuple[e(r, z,y, Z),t,x,y; p, €].
Lemma 8.4.
Rellp(r, z,y, 2),r,z,y;p, €] € VIa(|p| AV3).

In many cases we will need to handle simultaneously several elements
(i.e., several ordered pairs) of a relation. For example, when defining the
concept of “being a function” f will be a function iff

(z,y), (z,w) € fAT =2) >y =w.

Applying definition 8.3 directly, “f is a function” would be

ReI[ReI[I =z _> y = w7 f? Z7w]’ f7$7y:|7
which is V34V434V3; however, a simpler definition exists:

(prenwien

(Bpi €p")(3Bpz € p")(3pT € p )Gz €p7)
(3z2 € p1)(3yr € p3) (32 € p1) Gy € p3)
( %)
(

Vel € pl)(Ve € p (Vel € pl)(Ved € p%)(
z1Epy A2 EPs A (e =pi Ve =p5)Ale
e%—xl/\el—xz/\(e 1V€2—y1) (e

(x1 =22 = y1 = y2)),

Ep )(VegepQ)
=piVve' =p3)A

2
€1
2
2=12sVed=1y2)A
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which is V23sVe. In fact, only the last line expresses that f is a function;
the rest of the formula is absolutely general:

Metadefinition 8.5. Let n be a positive natural number. Then

- = =

(Vp er)..(Vp"er)

(31 € pl)(ﬂpé €ph)...(3p} € p") (35 € p")

(3961 € p1)(3y1 € p3)...(3zn € P1)(3yn € PB)

(Ve € ph)...(Ve" Ep)

(Vei € pi)(Ves € p3).. (Ve € ph)(Ve5 € p3) _ )

(/\1§§ (mep, N =piVe =py) Ael =aiA(ey =ai Ve =y))
No(r, P, &, 1, Z))

Clearly, for each positive n,

Tuplesn[go( E z, Y, 5),T,p, 675872/} € V"E|4"V3”(' A |S0(T7]5::Ev ij )|)

Notice that p, e,  and y are stems.

8.4 Functions

Definition 8.6. We say that a relation f is a function, and write Fun(f),
when (x,y) € f and (z,z) € f imply y = 2.

Metadefinition 8.7 (Functions).
Fun(o(f, 0, %, 4,2), fip ]
is defined as
Tuples[z1 = x2 = y1 = y2 A p(f, 1, 7,7, 2), f,ps 2, 9]
Metadefinition 8.8 (Functions f1 and f2 differ at z, i.e., fi(z) # f2(x).).

def

FunDiff[f17f275L‘;p,e,y] = (Epl € f%)(ap € f2) 9

(3p1 € p")(3pz € p')(3pi € p*)(3p3 € p?)
(3y1 € p2)(3y2 € p3)

(Ve € p')(Ve? € p?)

(Ver € p1)(Ves € p3)(Vei € pi)(Ves € p3)

[ 6;1 :p}\/el?:za%)A(e2 =pi Ve’ =p3A
(1 =xz)A(ef = 50)/\
(eA=xzVed=yi)A(e3 =z Vel =y)A

Metadefinition 8.9 (Function f has value y at z, i.e., f(z) = y).
de,
FunVal(f,z,yip.e] < (3p€ f)@p1 € p)(3p2 € 1)
(Ve € p)(Ver € p1)(Vez € p2)
(e=p1vVe=pa)A(er=x)A(e2=x Ve =y))

Clearly, FunVal[f,z,y;p, e] € Ao(I3V3).
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Metadefinition 8.10 (z € dom f). If f is a function, then saying that
z € dom f means that there exists a pair p € f such that x is its first
component. But in the Kuratowski definition of ordered pairs, this means
that x is an element of every element e of p:

InDomain[z, f:p,¢] < (3p € f)(Ve € p)(x € ¢).

It is immediate that InDomain[z, f;p, e] € Ao(3V).

Definition 8.11 (Restriction of a function). Let f be a function, and a
a set. The set
fla={(z,y) e f:x€a}
is called the restriction of f to a.
Clearly, if r = f [ a then all elements p of r have a first component
p1 € a, and p;1 is the first component of an ordered pair p iff p1 belongs
to all the elements e; of p.

Metadefinition 8.12 (The Restrict metaoperation).
Restrict[f,a, 7 p,¢] & (Vp € f)(3e € p)(3p1 € €)(Ves € p)
(preerN(per << p€a)).

Clearly,
Restrict[f, a, r;p, ] € Ag(VI2Y).
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Part 11
Transfinite induction and
recursion

9 Transfinite €-induction and recursion

Recall from remark 4.4:

Theorem Schema 9.1 (€-induction). Let ¢(z,2) be any formula. Then
for all Z,
vz[((Vy € 2)p(y, 7)) = ¢(z, 2)] = Vo o(z, 2).
Our goal is to prove the transfinite €-recursion theorem for X1 (Ag)
class functions. Namely if F(z, z,d,y) is a 21 (Ao)class function, we want
to find a ;1 class function G(z, d,y) such that for all @,

Ve (Gz(z) = Fz(z, Gz | 7).

The structure of the proof is as follows: we first introduce in 9.2 suitable
functions, which are set approximations to G and are readily seen to be
definable by a ¥; formula (Theorem 9.3) and pairwise compatible (i.e.,
if o1 and o2 are suitable functions and = € dom(o1) N dom(o2), then
o1(z) = o2(x) [Theorem 9.4]). We next define in 9.5 a class relation Gz
as follows: Ggz(z,y) holds iff there exists a suitable function o such that
y = o(x), that is, iff we can build a set approximation of G such that
y = Ggz(z) (we can speak of a set approximation of G because we just
proved that any two such approximations are compatible). We finally
prove that Gz has a 31 equivalence (Theorem 9.6) and is total (Theorem
9.8).

For the rest of the section we will assume that F(z,z,d,y) is either
Ao, or X1 of the form
El’l)F()(U, x, z, 5:7 y)a

where Fy € Ao (if F € ¥; with more than one unbounded existential
quantifier, apply Collapse first).

9.1 Suitable functions

Definition 9.2 (Suitable functions). A function o is suitable (for F' and
for a set of parameters d), written S*(o), iff

Fun(o) A Tran(dom(o)) A (Vz € dom(o))(o(x) = Fa(z,0 | ). (19)

Theorem 9.3 (“To be suitable for F” has a ¥ equivalence if F' € ApUX).
If F € Ao, then there exists a formula Sy, (o) such that

S%(0) = 8%, (0) € £1(VIs5(VI2V A |F| A V3) A V3312Vo)

by Ag-Collection; if F is JvFy (v, z, 2z, d,y), with Fo € Ao, then there exists
a formula Ss (o) such that

SE(O') = Sgl (O’) S 21(V3§|12V9 /\VE|5(V3 A HQ(VHQV/\ |F0| /\V)))

by Ao-Collection.
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Proof. Consider the definition of suitable functions. Fun(o)ATran(dom(o))
can be expressed as follows

Tuples; [ (z1 =22 = y1 =y2) A ((z1 € Z2 A22 € T3) — 1 € T3)),
U’p? e’ x’y
]
(20)

Following definition 8.5, Fun(c) A Tran(dom(o)) is Ag(Vs312Ve). Addi-
tionally, since we can count on o being a function,

(Vz € dom(o))(o(z) = Fz(z,0 | z))
means that every element of o is a tuple t = (z,y) such that y = Fz(z,0 |
x):
(Vt € o)Tuplely = Fa(z,0 | x),t,z,y]. (21)

In turn, y = Fg(z,0 | z) is 32(z = o | o A F(x,2,d,y)), so that (21)
becomes

(Vt € o)Tuple[3z(Restrict[o, z, 2] A F(z, z,d,y)), t, z,y]. (22)
Recall from definition 8.12 that Restrict[o, z, 2] € Ag(VI2V).

Case F' € Ag: If FF € Ay, by theorem 7.5 we can interchange Tuple by
Tupley;,, hence

Tupley, [Fz(Restrict[o, x, 2] A F(z, 2,d,9)),t, 2, ]
is a 31 (J4(VI2V A |F| A V3)) formula. Pick a new variable v, apply

Collect[(Vt € o)
Tupley, [Fz(Restrict[o, z, 2] A F(z, 2,d,y)), t, %, y]
v'],

and then ExpandExists to the conjunction with (20).
Case F € ¥ : Clearly, 3z(Restrict[o, z, z] A JvFy(v,z,2,d,y)) is
3z3v(Restrict[o, z, 2] A Fo(v,z, 2,d,y))
by ExpandExists, and
JvoEnum[Restrict[o, x, 2] A Fo(v, x, 2,d,y), vo, €]

(a X1(F2(VI2VA|Fo|AY)) formula) by Collapse. Change Tuple by Tupley; ,
and then pick a new variable v, apply

AxColl[(Vt € o)
Tuple, [
JvoEnum|Restrict[o, z, 2] A Fo(v, z, 2z, @, y), vo, 2, V]
t,x,yl,
V'],

and then ExpandExists to the conjunction with (20).

Axioms needed: Pairing, and
Ag case: {34(VI2V A |F| A V3)}-Collection.
¥ case: {34(F2(VI2V A |F| AV) AV3)}-Collection. O
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9.2 Compatibility of suitable functions

Theorem 9.4. Suitable functions are compatible, in the following sense:
fix @, let o1 and o2 be such that S*(o1) A S®(02), and pick x € dom(o1) N

dom(o1). Then o1(x) = o2(x).

Proof. Abbreviate

Ca(o1,00,2) & S (01) A SE (02) Az € dom(o1) Az € dom(o).

We want to prove that for all @ all x, and all o1, o2,

05(0'1,0'2,l‘) — (0'1(1’) = 0'2(13))-

(23)

Assume, in search of a contradiction, that there exist o1, o2, @, x such

that (23) fails, that is,
Cz(01,02,2) A o1(x) # o2(x).

Since o1 (x) # o2(x) is
FunDiff[o1, o2, 2],

and we can express Cz (01,02, ) as
Js Pair[Sgl(U) A InDomain(z, 0),01, 02, s, 0],

(24) is equivalent to

3s Pair[SE, () A InDomain(z, ), 01, 02, 5, 0] A FunDiff[o1, 02, 7).

Consider now Jwp(w, 01,02, ,d) defined as

ExpandExists|
Collapse[
Js Pairs;, |
ExpandExists[S& (o) A InDomain(z, )],
01,02,S8,0

I,

2,w, k

AFunDiff[oy, o2, ]

B

(24)

which is a ¥; formula equivalent to (25) with ¢ € Ag. We have assumed

that
3d3o13o23xIwp(w, 01, 02, x, @),

which is the same as
3d3o13o2FwIrp(w, 01,02, 2, @),
and therefore we can apply
AxFnd[3zp(w, 01,02, 2,a), Y|
to get an = such that
Ca(o1,02,2) A (01(2) # 02(2)),
while for all y € z,

Ca(o1,02,y) = (01(y) = 02(y))]-
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For i = 1,2, S& (0;) implies Tran(dom(c;)), hence if z € dom(c;) and
y € z, y € dom(o;), and therefore for all y € z, Cz(01,02,y) and thus

(Vy € z)(01(y) = 02(y)),
or o1 [ £ =02 | x. But now
o1(z) =Fz(z,01 | ) = Fz(z,02 | ) = 02(x),
a contradiction.
Azioms used: Since we use Sgw we must carry all axioms of theorem 9.3.

Additionally, Pairs, uses Collection (lemma 7.2). Hence, the additional
axioms are:

For the Ag case, instances of

{‘ A Vs (VEIQV A ‘F| A V3) A V33d12Vg A HV}—COHECtiOD, and

{(32( A VH( A V35(V32V AN |F‘ A\ Vg) A V3312Vg A EV) A\ V) A 38\76)}'
Foundation

For the X case, instances of
{' A V35 (32 (VHQV A |Fo‘ A V) A\ Vg) A V3312V9 A HV}—COHGCtiOH, and
{(32( /\VH(~ AVds (EIQ(VE'QV/\ |F() | /\V) /\Vg) AV3312V9 A HV) /\V) /\38V6)}-
Foundation

O

9.3 Building G

Definition 9.5. We define G(z,d,y) as follows: Gz(z,y) iff there exists
a function o that is suitable (for the set of parameters @) and such that

y=o(z): )
G(z,d,y) Z 30(SE, (o) Ay = o(x)).

9.4 G has a X, equivalence

Theorem 9.6. If ' € Ay or ' € X1, then there exists a formula
Gs,(z,d,y) such that G(z,d,y) = Gs, (z,d,y) € 1.

Proof. Sgl(a) € 31 by theorem 9.3, and y = o(z) is FunVal[o,z,y] €
J3V3. Hence,

ExpandExists[S%, (o) A FunVallo, z,y]] € 1,
and therefore
JoExpandExists[S%, (o) A FunVal[o, z, y]]

has two unbounded existential quantifiers, and we can pick a new variable
!/
v’ so that

Gs, (z,d,y) Lof Collapse[3o(SE, (o) A FunVallo, z,y]),v', ] € L.

Axioms used: Apart from minor axioms, the use of Sgl implies the use of
the axioms of theorem 9.3. O
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9.5 G is a partial function

Theorem 9.7. Assume that G(z,d,y) and G(z,a,y’); then, y =y’

Proof. We are assuming that there exist suitable functions o and ¢’ such
that y = o(z) and y' = o’(x), but this implies that y = 3 since all suit-
able functions are compatible (lemma 9.4).

Axzioms used: The same as those of lemma 9.4. O

Therefore, we can write y = Gz(x), if such an y exists.

9.6 G is total
Theorem 9.8. G is total, i.c.,
VavzIy(y = Ga(z)).

Proof. Assume otherwise, in search of a contradiction. Then there exist
a, x such that

—Jy(y = Ga(x)).
By AxFnd[3z—3y(y = Gz(z)), '], we can choose x such that
(V2' € )3y(y = Ga(a")),
that is, by definition 9.5,
(V2" € 2)3yTo(SE, (o) Ny = o(z'))

(since we have proved in lemma 9.6 that G = Gy, € X1, a simple appli-
cation of Collapse will show that Jy(y = Gz(x)) is also Xy).
Notice that 3y3o(SE, (o) Ay = o(2')) — 30(SE, (o) Az’ € dom(a)),
hence -
(Vz' € 2)30(S%, (o) A InDomain[z’, o]).

Since InDomain[z’, o] € Ao,
ExpandExists[S%, (o) A InDomain[z’, o]] € %1,
and we can apply theorem 6.7 to get a set u such that
(Vz' € x)(30 € u)(SE, (o) A InDomain[z’, o))

and B
(Vo € u)(3z’ € 2)(S%, () A InDomain[z’, o]).

We already know (lemma 9.4) that all suitable functions are compati-
ble; hence 79 = |Jwu, which exists by Union, is a function. Additionally,
dom(7) is clearly transitive; hence, S®(70). Let then

7 =10 U{(x,Fa(z,70 | 2))},

which exists by Pairing and Union (and because we have assumed that F
is a function). Clearly, S®(7); but then

7(z) = Fa(z, 0 [ 2),

and therefore Gz(z, 7(x)), contrary to our choice of @ and x.
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Azioms used: All previous axioms of this section, plus Foundation and
the axioms needed to apply theorem 6.7:

For the Ag case, instances of
{H1 (Vz (Vz (3V5 (EVQH Vv —|(‘F|) Vv 33) V 33V1239 VV33d3V 3) V 3))}—Founda—
tion,
{F2(VIs(VI2V A |F| AV3) A V3312V9 A TV) }-Separation, and
{52((V35(V32V N |F| A Vg) A V3312Vg A EV) A V}—Collection.

For the ¥ case, instances of
{H1(Vz(V2(3V5(V2(3V23\/—|(|F0|) \/3) \/33) V 33V1239 V V333 \/3) \/3))}—
Foundation,
{32(V35(32 (VHQV A |F0| A\ V) A\ Vg) A V3d12Vg A HV)}-Separation, and
{32((V35(32 (VHQV A |F0| A\ V) A\ Vg) A Vs3312V9 A HV) A V)}—Collection.
O

9.7 Summary of axioms needed for recursion
9.7.1 Ay case

Collection axioms by complexity:

1) A0(34(V32V A |F| /\V3)).

2) Ao( /\VHs(VHQV A ‘F| A Vg) A V3312Vg A HV)

3) Ao(F2((VIs(VIV A |F| AV3) AVsTi2Vg A V) AY).
Separation axiom complexity:

1) AO(EI2(VEI5(VEIQV/\ |F| /\V3) A V33129 A HV))

Foundation axioms by complexity:

1) A0(32(~ /\VH( /\VE|5(VE|2V/\ |F‘ /\Vg) AV3312V9 A EW) /\V) A 38V6))~
2) Hl(VQ(V2(3V5(E|VQE| Vv —|(|F|) Vv 33) V d3V12dg V V3d3 V 3) Vv 3))

9.7.2 >, case
Collection axioms by complexity:
1) Ao(Fa(F2(VIV A |F| AV) AV3)).
2) A()( A Vs (32 (VHQV A\ |F()‘ A V) AN Vg) A V33129 A HV)
3) A0(32((V35(32(V32V A\ |F0| A\ V) A\ Vg) A Vs3312Vg A HV) A \V/))
Separation axiom complexity:
1) AO(HQ(VH5(32(V32V A |F0| A V) A Vg) A V3312Vg A HV))
Foundation axioms by complexity
1) AO((EIQ( /\VH(- A V35 (EIQ(VE'QV/\ |F0| /\V) /\Vg) AV3312Vg A HV) /\V) A

J¥s)).
2) Hl(Vz(V2(3V5(V2(3V23\/ﬁ(|FOD \/3) VE|3) Vd3Vi2dg VV35|3\/E|)VE|)).
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Part II1
Appendix

A An example: the transitive closure

Let = be a set. The transitive closure of z, TrCl(z), is intuitively

defined to be
mUUwUUUm...,

that is,
TrCl(z) =z U U TrCl(y),
YyeET
since
xU U TrCl(y) = zU U {yu U TrCl(z)} = xUU xU U U TrCl(z) = ...
YyeET YyET zZ€yY YyEx z€yY

To implement this concept as a recursive function, we define
F(z,z) =z U Uranz

whenever z is a function (F is undefined otherwise).
The recursion theorem tells us that there exists an unique class func-
tion G such that

G(z) =F(z,G | z) = xUUran(G [z)=aU U G(y),
YyEx
and by the unicity of G, G = TrCL
Now we have to express F in full. Assuming, as we can, that z is a
function, to say that an element e belongs to | Jran z can be expressed as

follows:
e€ Uranz + (Gw € ranz)(e € w);

in turn, Jw € ranz means that there exists a pair p € z such that w is
its second component, i.e., if p = {p1,p2} = {{r}, {r, w}}, with p1 = {r},
then either p1 = p2, and then w € py, or p1 # p2, and then w € p; and
there is some other element r in p2:

(Fp € 2)(3p1 € p)(3p2 € p)(Gw € p2)(Vg € p)((¢ =p1 V q = p2)
Apr = p2 V (3r € p2)(r # w))).

Since p1 is not empty, we can rewrite the above formula as

(Ip € 2)(3p1 € p)(3p2 € p)(Fw € p2)(Vg € p)((¢ =p1 V g = p2)
A(3r € p2)(p1 = p2 Vr #w)),

then as

(3p € 2)(Fp1 € p)(Ip2 € p)(3w € p2)(Vq € p)(3r € p2)
((g=p1Vg=p2) A(p1 =p2 V1 #w)),

and finally as

(3p € 2)(3p1 € p)(3p2 € P)(3r € p2)(3w € p2)(Vq € p)
((g=p1Vag=p2) A(p1 =p2Vr#w)),
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which is 35V. Hence, e € | Jran z will be

(3p € 2)(Fp1 € p)(Fp2 € p)(3r € p2)(3w € p2)(Vq € p)
((g=p1Vag=p2) AN(pr=p2 VT #w)A (e €w)).

Now let F(z,z,y) be Ve((e € y) +» (e € x Ve € Jranz)), that is, the
conjunction of (Ve € y)(e € x Ve € Jran z), which is Ag, (Ve € z)(e € y),
which is Ao, and (Ve € (Jran z)(e € y), which we should convert first to
AO:

(Vp € 2)(3p1 € p)(3p2 € p)(3r € p1)(Fw € p2)(3e € w)(Vq € p)
((g=mVag=p)A((pr=p2V(r€p2hw#r)) = ecy)).

Therefore F(z,z,y) is

(Ve ey)(e€av
(3p € 2)(Fp1 € p)(Fp2 € p)(Ir € p2)(3w € p2)(Vq € p)
((g=p1Vg=p2) A(p1 =p2 V71 #w)A (e € w)))

A(Ve € z)(e € y)

A(Vp € z)(Tp1 € p)(Tp2 € p)(Fr € p1)(Fw € p2)(Fe € w)(Vq € p)
((g=pmVag=p)A((p1=p2V(r€Ep2Aw#r)) = e€y)),

(26)

that is, a Ao(V(- V 35Y) AV A V35Y) formula.

To prove the Recursion theorem for F' (that is, to prove the existence
of the transitive closure) we need to prove that F' is indeed a function
(this is immediate by Extensionality), one instance of each:

{Ao(Fa(VIV AV(- V I5Y) AV AVIsY AV3)) }-Collection,

{Ao((-/\va5 (VHQV/\V(-\/35V)/\V/\V35V/\V3)/\V3312V9/\3V))}-COHeCtiOH,
and

{Ao(ag ((VH{;(VHQV A V( Vv 35V) AV AVIsV A Vg) AV3312Vg A HV) A V))}-
Collection;

one instance of

{AO(HQ (VE|5(VE|2V A V( Vv 35V) AY AVI5Y A V3) A V3312V A HV))}—
Separation, and

one instance of each:
{Ao((32(~ A VE( A V35 (VEIQV A V( Vv 35V) AV AVIsV A Vg) A V3312Vg A
V) AV) A 3sVe)) }-Foundation, and

{H1(V2(V2 (3V5 (EVQH V 3( A V53) v3avavsav 33) V d3V12dg V V333 V
3) v 3))}-Foundation.
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B A curiosity: The II;-foundation axiom
for the transitive closure case

As a curiosity, and as a means to prove our assertion that undoing
defined notions is almost impossible in practice, we list here one single
axiom for the transitive closure case. Recall formula (26): F(z, z,y) is

(Ve € y)(e € zVv
(3p € 2)(3p1 € p)(Ip2 € p)(3r € p2)(3w € p2)(Vq € p)
((g=p1Vg=p2)A(p1 =p2Vr #w)A (e €w)))

A(Ve € x)(e € y)

A(Vp € z)(Fp1 € p)(Tp2 € p)(Fr € p1)(Fw € p2)(Fe € w)(Vq € p)
((g=p1Vag=p)A((pr=p2V(r€p2hw#1)) = e€y)).

We first must build S(o), the suitability formula, defined as

(Vt € o)Tuple[Iz(Restrict[o, z, z] A F(z, z,9)), t, z, y]
ATuples[(z1 =x2 = y1 = y2) A (x1 € T2 A2 € 3 — =1 € 3), 3,0, 2,9

Now Restrict[o, z, 2] is
(Vp € 0)(3e € p)(3p1 € e)(Ver €Ep)(p1 €Ee1 A (p € z ¢ p1 € 7)),

so that
Tuple[3z(Restrict[o, z, 2] A F(z, 2z,y)), t, z,y]

is (3 € )(3p2 € )3z € p1)By € p2)(32((¥p € 0)(3e € p)(3p1 €
e)Ver €p)(pr€esAN(peEzerprex)A(Veey)eexV (Tpez)(3p €
p)(3Fp2 € p)(Fr € p2)(Fw € p2) (Vg € p)((g=p1 Vg =p2) A (pr =p2 V1 #
w)Ne € w))A (Ve e x)(e € y)A(Vp € 2)(Tp1 € p)(Fp2 € p)(Ir € p1)(Fw €
p2)Fe cw)(Vgep)((g=p1Va=p) A((pr=p2V(r€Ep2 Aw#r)) =
ecy)))A(Veet)(Ver € p1)(Vea € pa)((e=p1Ve=p2)Aer =z A (e2 =
z Ve =y) Az € pz)). Therefore

S5(o)

is (Vt € 0)(Fp1 € t)(Tp2 € t)(Fz € p1)(Ty € p2)(3z((Vp € o)(Fe €
p)(Ipr €e)(Ver €p)(pr €ean(pEz+rpr€x))A((Veey)eexV(Tpe
2)(3p1 € p)(3p2 € p)(Ir € p2)(Bw € p2)(Vg € p)((q =p1V g =p2) A (p1 =
peVrZw)hecw))ANVeex)(e€y AN(Vp € 2)(Ip1 € p)(Tp2 € p)(Tr €
p1)(Fw € p2)(Je € w)(Vq € p)((¢ =p1 Vg =p2) A((pr =p2V(r € p2Aw #
r)) = e €y)))) A (Ve € t)(Ver € p1)(Vez € p2)((e =p1 Ve =p2)Aer =
zA(e2=xVers=y)Ax € p2)) A (Vp* € o)(Vp® € 0)(¥p® € 0)(3pi
pH)(3ps € p!)(3Epi € p*)(3p3 € p*) (It € p°)(3p3 € p*)(3r1 € p1) (3
p2)(3z2 € pt)(3y2 € p3)(3xs € pi)(Jys € p3)(Ve' € p') (Ve € p?)(ve?
p°)(Vel € pi)(Ves € p3)(Vel € pi)(Ved € p3)(Vei € pi)(Ved € p3)(as
pyAx2 EpsNas EpsA(el =pi Ve =pi)A(e> =pi Vel =p3) A (e
pPived =pAel =z Ael=xzaned =asA(el=x1Ved=1y1)A(e3 =
xa Vel = yg)/\(e‘;’ =2x3Ves = y3) A (1 =22 = y1 = y2) A (21 € x2 A2 €
T3 — T1 € T3)).

Remember that G(z,y) is defined by Jo(S(c) Ay = o(x)). But first
we have to bring S(o) into a ¥; form, i.e.,

> =

Immmm |

ExpandExists|
Collect]
(Vt € o) Tupley, [Fz(Restrict[o, x, 2] A F(z, 2,9)),t, 2, ],
alA
Tuples[(z1 = x2 = y1 = y2) A (T1 € 22 A 22 € T3 — 1 € 23), 3,0,%, Y],
1]7
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that is, Ja((Vt € 0)(3z € a)(Tp1 € t)(Ip2 € ¢)(Fz € p1)(Ty € p2)((Vp €
o)(Fe € p)(Tp1 € e)(Ver1 € p)(pr EerA(pE z+ p1 €x)) A (Ve € y)(e €
xV (Ip € 2)(3p1 € p)(Fp2 € p)(3r € p2)Fw € p2)(Vg € p)((g=p1 Vg =
p)A(pr=p2Vr #w)Ae € w)) A (Ve € z)le € y) A(Vp € 2)(Tp:
p)(Fp2 € p)(3r € p1) (3w € p2)(3e € w)(Yg € p)((¢ =p1V g =p2) A((P1
p2V(r€pAw#r)) —e€y))A (Ve € t)(Ver € pl)(\fez € pz)((

prVe=p2)ANer=zAN(ea =z Ve :y)))/\(Vp 60)(Vp E(J‘(( p3

(

m

o)(3pt € p')(3pz € p')(3pt € p2)(3p§ € p2 (3 p? €p )(3102 € p*)(3

1
2
3
2

IImmmmH

(@ =pived =pAel=z1Ael =xaAel =x3 N (ed =21 Vel

74\
/\(e% = 22 V€32 :yg)/\(eg:xg\/eg =y3)A(x1 =22 > 01
/\(:C’1€£C’2ALE2€£E3—>.T1€.T3))).

)
)
) (21 Ep%/\xzepg/\xgepg/\( =plvel :pé) (e —p1Ve
)
)
)

Now G(z,y) is Jo(Fa((Vt € 0)(Fz € a)(Tp1 € t)(Tp2 € t)(Fz

AN(Veecy)lecxV (Ipez)(Tpr €p)(3p2 €p)(3r € p2)(Fw € p2) (Vg
(@=p1Vg=p2)A(pr =p2Vr # w)Ne € w)) A (Ve € z)(e € y) A (Vp
Jp1 € p)(3p2 € p)(3r € p1)(Bw € p2)(Je € w)(Vg € p)((¢ =p1 Vg
p)A((p1=p2V(r€pAw#r)) = ecy))A(Vec t)(Vel € pl)(V€2
p2)((6—p1\/e—p2)/\61 —w/\( e =zVe = y))) (vp' € 0)(
0)(vp® € 0)(3p1 € p )(3172 €p )( pi €p )(3p§ €p )(3p1 € p’)(3Ep
)(3931 € Pl)(3y1 € p3)(3a2 € p1)(3y2 € p3)(3ws € pl)(3y3 € pz)(Ve
ph)(Ve? € p?)(ve? ¢ ps)(Vel € pl)(Vez € pg)(Vef € pl)(Vez € p3)(Ve
)(Ve3 € p3)(z1 61’2/\332 EPQ/\IS €ps A (e —p Ve =p3)A(e
pi Ve =LD2)/\(e —p1Ve _Pz)Ael —xl/\el —mer?—x3/\(e
x1Ves = yl)/\(eg =xaVel = y2) A (eg =2x3Ves = ys)A (1 =22 > y1 =
Y2) A (T1 ET2 AT2 € X3 = 71 € 3))) A (Ip € 0)(Tp1 € p)(Ip2 € p)(Ve €
p)(Ver € p1)(Vez € p2)((e=p1Ve=pz)Aer =aA(e2 =z Vez =y))),
and we need to apply

»—AOO»—A
IImmmmmIImmmm

[T )

AxFnd[3z—3yG(z,y)].

But first we must bring G(z,y) into a X; form: 3b(30 € b)(Ja € b)((Vt €
0)(3z € a)(Ip1 € t)(Ip2 € 1)(3z € p1)(3y € p2)((Vp € 0)(3e € p)(Ip1 €
e)(Verep)(pr€eernN(peEzprex)AN(Veey)lecxzV (Ip€2z)(Tp: €
P)(3p2 €p)(Fr € p2)(Fw €p2) (Vg €p)((g=pP1Vg=p2)AN(pr=p2Vr #
w)ANe € w))A (Ve € z)(e € y)A(Vp € z)(Tp1 € p)(3Bp2 € p)(Fr € p1)(Fw €
p2)(Fe € w)(Vg € p)((g = p1Vag=p)A((p1r =p2V(r € phw #
r)) — e €y)) A (Ve € t)(Ver € p1)(Veg ep)le=p1Ve = p2) Ner =
zA(e2 =aVer =y))A (WD € U)(Vp € 0)(Vp € 0)(3p1 €p)(3ps €

p')(3pt € p*)(3p3 € p*)(3pt € p*)(3ps € p )(31:1 €p1)(Fy € p3)(Fzz €

)(3y2 € p3)(3ws € pi)(Jys € p3)(Ve' € p')(Ve® € p?)(Ve® € p®)(Vel €

)(Ves € p3)(Vei € pi)(Ves € p3)(Ved € pf)(Vel € p3)(w1 € ph Axa €
psAzsEpsA(et =pivel =pHA(=pivel=p3)A(e=pived =
pPHAel =z Ael=aone =a3A(ed=z1Ves=y1)A (el =22Vel =
y2)A(ed =x3Vel =ys)A(w1 =22 = y1 =y2) A (21 € T2 A 22 € T3 —
z1 € 23)) A(3p € 0)(Fp1 € p)(Tp2 € p)(Ve € p)(Ver € p1)(Vez € p2)((e =
ptVe=p)Aer=xzA(ea2=zVer=y))A(Vc€b)(c=0Vc=a)), then
Collapse

p

2
1
1
p1
2
2
3
2

JyGs, (z,y)
to get another ¥ form, namely 3d(Jy € d)(3b € d)((Fo € b)(Ja € b)((Vt €
0)(3z € a)(Ip1 € t)(Ip2 € 1)(3z € p1)(3y € p2)((Vp € 0)(3e € p)(Ip1 €
e)(Verep)(prcertn(pezprex))AN(Veey)leczV (Ipez)(Ip1 €
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P)(Fp2 € p)(Fr € p2) Fw € p2)(Vg € p)((g=p1 Vg =p2) A(pr =p2 V7 #
w)ANe € w))A (Ve € z)(e € y)A(Vp € z)(Tp1 € p)(3Fp2 € p)(Ir € p1)(Fw €
(36 € w)(Vg € p)((¢ =p1Vg=p2)A((pr = p2V(r € ppAw #r)) > e €
(Ve et)(Ver € pl)(Vez € p2)((e =p1Ve =pa)Aer = zA(e2 = xVes =

A (Vp' € 0)(Vp® € o) (Vp® € 0)(3pi € p')(3ps € p')(3p? € p°)(3p3 €
I € p3)(3p§ €p )(3x1 € pl)(ﬂyl € p3)(3wa € p?)(3y2 € p3) (T €
Jys € p3)(Ve! € p!)(ve® € p?)(ve® € p®)(Vei € pi)(Veh € p3)(Vei €
(V€2 € 102)(V€1 € 101)(V€2 € p2)($1 EpsAaa €EpsAwg €p3A(el =
pivVe =p) A =pive’ =p3)A(e’ =pi Ve’ =p3) Aef =a1 Ael =
nge:I’:ng(eé:ml\/e%:yl)/\(eg:wg\/egzyg)/\(eg:xg\/eg:
ys) A (1 =22 2> y1 = y2) A (11 € 2 A2 € 3 — 21 € 23)) A (Tp €
o)(3p1 € p)(3p2 € p)(Ve € p)(Ver € p1)(Vez € p2)((e =p1Ve=p2)Ne1 =
zA(e2=aVer =y))A(Veceb)(c=oVe=a))NNVfed)(f=yVf=0>),
and finally

,_\A\./

Negate[JyGs, (z, y)]

to get a II; formula: Vd(Vy € d)(Vb € d)((Vo € b)(Va € b)((3t € 0)(Vz €
a)(Vp1 € t)(Vp2 € t)(Vz € p1)(Vy € p2)((3p € o)(Ve € p)(Vp1 € €)(Tex €
pprgeVpezApga)VipgzApiex))V(Becy)le¢azn(Vpe
2)(Vp1 € p)(Vp2 € p)(Vr € p2)(Vw € p2)(3g € p)((¢ # 1 Aq # p2) V (p1 #
p2Ar=w)Vedw))V(Je€x)(e¢y)V(Ipe 2)(Vp1 € p)(Vp2 € p)(Vr €
p1)(Yw € p2)(Ve € w)(3q € p)((q # p1Ag # p2)V((p1 = p2V(r € p2Aw #
T))Ae ¢ y))VG@ € t)(Jer € p1)(3e2 € p2)((e # prie # p2)Ver # zV(e2 #
zNex # )V (Gp' € 0)(3p” € 0)(3p® € 0)(Vpi € p')(Vpz € p')(Vpi €
v *)(vp3 € p (vp? € p°)(Vp3 € p°)(Va1 € p1)(Vin € p3)(Vaz € pi)(Vyz €

)(ng € p1 (Vys € p3)(3et € ph)(Fe? € p?)(Fe® € p*)(3et € pi)(Ted €

p3)(3ei € pi)(3e; € p3)(3et € p)(3e} € pl)(ar ¢ p3 Vaa & PRV as ¢
pz\/( #pine #p)V(e® #pine® £p3) Vv (e’ #pine’ £ p3) Vel #
TivVel #FmaVel #azV(ea A miNes #yr)V(es #£xahes #yz)V(ed #
z3Ned #y3)V(z1 = z2Ay1 £ y2)V((x1 € x2Ax2 € x3)AT1 & 23))V (VD €
o)(Vp1 € p)(Vp2 € p)(3e € p)(3er € p1)(3ez2 € p2)((e # prAeF#p2)Ver #
zV(eza #xNex #y))V(EBceb)(c#oNcF#a))VEf ed)(f #Aynf#Db)).

v\./\-/‘-’
=
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Finally,
AxFnd[3zNegate[IyGs, (z,y)], k]

is JzVd(Vy € d)(Vb € d)((Vo € b)(Va € b)((Ft € o0)(Vz € a)(Vp1 €
t)(Vp2 € t)(Vz € p1)(Vy € p2)((3p € o)(Ve € p)(Vp1 € €)(3er € p)(p1 ¢
etVipezApr¢x)V(pézApr€x))V(Tecy)e¢axA(VpeEz)(Vp €
p)(Vp2 € p)(Vr € p2)(Vw € p2)(3g € p)((q #P1 Aq #p2) V (pr #p2 AT =
w)Ve g w))V(Ie € x)(ed¢y)V(Tp € z)(Vp1 € p)(Vp2 € p)(Vr € p1)(Vw €
p2)(Ve € w)(3g € p)((¢ # 1 Aq# p2)V((pr=p2V(r €p2Aw#7))Ne ¢
Y)) V (Je € t)(Jer € p1)(Je2 € p2)((e #prAe#pa) Vel #aV(e2 #
zAex # )V (Ep' € 0)3p® € 0)(3p® € 0)(Vpi € p')(Vpz € p)(Vpi €
p?)(vp3 € p?)(¥p} € p*)(Vpi € p°) (Vo1 € p})(Yy1 € p3)(Vaz € p?)(Vye €
p3)(Vas € pi)(Vys € p3)(3e’ € p')(3e? € p*)(3e” € p’)(Jei € p1)(3es €
p3)(3el € pi)(3e3 € p3)(3ei € pi)(3e3 € p3)(a1 & iV az & p3 Vas ¢
PV (e #pine #py) V(e £piAne® #p3)V(e® #pi Ae’ #£pd) Vel #
ziVel £aaVel £asV(es £ xiNes #y1) V(€3 # xa Aes # y2) V(€3 #
z3Aes #ys)V(z1 = z2Ay1 # y2)V (1 € z2 A2 € 23)Am1 ¢ 23))V (Vp €
o)(Vp1 € p)(Vp2 € p)(Je € p)(Jex € p1)(3ez € p2)((e #p1Ae #p2)Ver #
zV(e2#FxNex#y))V(Fceb)(cFoAc#a)VEfed(f#yNSfF#
b)) — Je(Vd(Vy € d)(¥b € d)((Yo € b)(Ya € b)((3t € 0)(Vz € a)(Vp1 €
t)(Vp2 € t)(Yz € p1)(Yy € p2)((3p € o)(Ve € p)(Vp1 € €)(3er € p)(p1 ¢
etVipezAprga)V(pé¢zAprex))V (Becy)e¢xzn(Vpez)(Vpr €
p)(Vp2 € p)(Vr € p2)(Vw € p2)(3q € p)((q #PL Aq#p2) V (Pr #p2 AT =
w)Ve ¢ w))V (e € z)(e ¢ y)V(Ip € 2)(Vp1 € p)(¥p2 € p)(Vr € p1)(Vw €
p2)(Ve € w)(3q € p)((¢ #P1Aq# p2)V((pr =p2V(r €p2Aw#7))Ne ¢
y)) V(e € t)(3er € p1)(Fe2 € p2)((e #p1Ae # p2)Ver #aV(ex #
z Nez # 1Y)V (3Ep' € 0)(Fp® € 0)(Fp® € o) (Vpi € p')(Vps € p')(VpT €
p*)(Vp3 € p*)(Vpi € p°)(Vp3 € p°)(Var € p1)(Vyr € p3)(Vaz € pi)(Vy2 €
p3)(Vrs € pi)(Yys € p3)(3e! € p')(3e® € p?)(3e® € p°)(3ei € p1)(Fe; €
p3)(3el € pi)(3e3 € p3)(3ei € pi)(3ed € p3) (a1 & ps Va2 & P3Vas ¢
paV(e' Epine #pa) V(e #pine? #ps) V(e #pine’ #pd)vel #
TiVel #xaVel #a3V(ea#xiNes Zyi)V(eh # a2 Ned #y2) V (el #
m3/\e§ #* yg)\/(:ﬂ1 =T Ay1 # y2)V((l‘1 € o2 N\x2 € l‘3)/\$1 ¢ x3))\/(Vp €
o)(Vp1 € p)(Vp2 € p)(3e € p)(3er € p1)(3e2 € p2)((e #prAe# p2)Ver #
zV(e2F#FzNex#y))V(Eceb)(cEoAc#a)VEfed(f#AyNf#
b)) A (Vk € 2)3d(Fy € d)(Fb € d)((Fo € b)(Fa € b)((Vt € 0)(Fz € a)(Tp1 €
t)(3p2 € )3z € p1)(3y € p2)((Vp € 0)(3e € p)(3p1 € €)(Ver € p)(p1 €
etN((pgzVvprex)A(pezVvpr ¢ x))ANNecy)lecaV(Tpez)(Tp: €
P)(3p2 €p)(Fr € p2)(Fw €p2) (Vg €p)((a=pP1Vg=p2)AN(pr=p2Vr #
w)ANe € w))A (Ve € z)(e € y)A(Vp € z)(Tp1 € p)(Bp2 € p)(Ir € p1)(Fw €
p2)(Fe € w)(Vg € p)((g=p1Vag=p2) AN((pr #p2A(r ¢ p2Vw=r))Ve€E
y)) A (Ve € t)(Ver € p1)(Ve2 € p2)((e = p1 Ve =p2)Aer =z A (e2 =
z Ve =y))) A (¥p' € 0)(¥p* € 0)(Vp® € 0)(3pi € p")(3ps € p')(Fpt €
p?) (33 € p*)(3p} € p*)(3ps € p°)(Fz1 € p)(3yr € p3)(Fz2 € p})(3y: €
p3)(3zs € p})(3ys € p3)(Ve' € p')(ve? € p*)(Ve® € p°)(Ver € pi)(Ves €
p3)(Vel € p3)(Ve3 € p3)(Vei € pi)(Ved € p3)(x1 € ps Axa € p3 A3 €
psA(e =pive =py)A(e =pive’ =p3)A(e’ =pive’ =p3)Ael =
xl/\(ﬁ:xg/\e:;’:xg/\(e%:xl\/eé:yl)/\(egzxg\/egzyg)/\(egz
x3Ves = ys) A (1 # xz2Vyr = y2)A (21 € z2Vx2 € 3V € x3))A(3Tp €
o)(3p1 € p)(3p2 € p)(Ve € p)(Ver € p1)(Vez € p2)((e =p1Ve=p2)Ne1 =
EN(e2=kVer =y))A(Vceb)(c=0Ve=a))ANVfed)(f=yVf=D))).
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C Metafunctions reference

The following are only used in the present article.

Free[p] Set of free variables of a formula ¢.
Form(L£) Formulas of the languaje L.
Var(L) Variables of the languaje L.

Vars[p] Set of all variables of a formula .
The following metaformulas return the axioms:

AxColl[(Vz € y)3zp(x,y, z,a),w] Collection axiom for the listed formula
and the collection variable w. See definition 6.4.

AxFnd[3z¢(z, Z),y] Foundation axiom whose consequent is Jz(p(z, 2) A
(Vy € z)—¢(y, Z)). See definition 4.2.

AxSep|p, a, z,y] Separation of z = {y € a : ¢(y)}. See definition 6.1.
The following syntactically manipulate formulas:

Collapse[3z1...3zmp (21, ..., Tm, Z),n] Collapses n existential quantifiers into
one (n < m). See definition 5.5.

Collapse, [3z1...3zmp (21, ..., Tm, Z)] A more succint way to express the
same as Collapse[3z1...3zmp(21, ..., Tm, Z), n].

Collect[(Vz € y)3zp(x,y, z,d),w] The right-hand part of the Collection
axiom, i.e., Jw(Vz € y)(Iz € w)p(z,y, z,d). See definition 6.3.

Enumlyp, f, e, x1,...,x,] Basicallyitis f = {z1,..., 2o }AG(S, €, 21, .oy Tn, @),
but with some subtleties and optimizations. See definition 5.3.

ExpandExists[p1 A ... A ¢n,i] Move the existential quantifier of ¢; outside
the conjunction (this has to be possible, i.e., 1 < ¢ < n, and the
quantifier variable must not be free in any ¢;, j # ¢). The same
operation, but applied to a disjunction instead to a conjunction.
There are some additional optimizations to keep formulas simple,
see definition 2.18.

ExpandForall[p1 A ... A ¢n,i] The same as ExpandExists, but with univer-
sal quantifiers instead of existential. See definition 2.18.

Found[3zp(z, Z),y] The right-hand side of the corresponding Foundation
axiom, i.e., z(p(z, 2) A (Vy € z)—¢(y, Z)). See definition 4.1.

Fun[o(f,D,Z,9, %), f;p,e] The set f is a function made of pairs p; =
<=T17yz> = {{pi}v{phpg}}v i = 1727 such that w(.ﬂﬁ: fag7 5)a e is
an internal stem and may be omitted; if ¢ does not use any of the
p, p may also be omitted. See definition 8.7.

FunDiff[f1, f2, z; p,e] Equivalent to fi(x) # f2(x); f1 and f2 are assumed
to be functions; p and e are internal variables and may be omitted.
See definition 8.8.

FunVal[f, z,y; p,e] Equivalent to f(z) = y; f is assumed to be a function;
p and e are internal variables and may be omitted. See definition
8.9.

InDomain[z, f;p,e] Equivalent to € dom f; f is assumed to be a func-
tion; p and e are internal variables and may be omitted. See defini-
tion 8.10.
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MoveUp[(Fz1 € y1)...(3zn € yn)3I2zp(Z, 7, 2,@),n] Moves the unbounded ex-
istential to the beginning of the formula, i.e., produces the logically
equivalent formula 3z(3z1 € y1)...(Fzn € yn)p(Z, ¥, 2,d). See defi-
nition 2.20.

Negate[¢] Returns a formula logically equivalent to =@, but where nega-
tion has been recursively applied along the syntax tree until atomic
formulas are themselves inverted (negated). See definition 2.16.

Pair[p, z,y; p, e] Equivalent to p = {z,y}, where p, z and y are free, but
with some additional subtleties and optimizations. See definition
7.1.

Restrict[f, a,r; p,e] Equivalent to r = f [ a; p and e are internal variables
and may be omitted. See definition 8.12.

—

Particularizey[3x1... 320 ¢(F, 2), Va1.. V2,9 (Z, Z)] This metafunction returns
Jz1...3z0 (0(Z, 2) A Y(Z, Z)). See definition 2.25.

Rello(r, z,y, 2),7, 2, y;p,e] Equivalent to (Vt € r)(t = (z,y)Ap(r, 2, y, 2)),
i.e., r is a relation such that all pairs (x,y) € r verify ¢; p and e are
internal variables, and may be omitted. See definition 8.3.

Tran[z;y, 2] Equivalent to (Vy € z)(Vz € y)(z € z), i.e., x is transitive.
See definition 2.27.

Tuple[p(t, z,y, 2),t, z,y;p, e] Equivalent to t = (z,y) A p(t, z,y, 2); x and
y are bound (i.e., created in the metaformula result as elements of

elements of t); p and e are internal variables, and may be omitted.
See definition 7.4.

Tuples[p(Z, ¥, Z),n,r,x,y; p,e] A generalization of Tuple: z, y, p and e
are stems, i.e. initial parts of variable names. The metafunction
states that r is a relation, and creates n ordered pairs (z;,y;) € T,
it =1,...,n, such that o(z1, ..., Tn, Y1, ..., Yn, Z); p and e are stems for
internal variables, and may be omitted. See definition 8.5.
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